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Geopolymers have much higher drying shrinkage than Portland cement based composites Shrinkage
performance is an important property for reinforced concrete composites just because a high shrinkage
performance is associated to cracking tendency that leads to future durability problems. This paper
provides results experimental and numerical investigations of ﬂy ash based geopolymeric mortars
reinforced with short hybrid polymeric ﬁbres (SHPF). The results show that SHPF improved the ﬂexural
performance, while reducing the compressive strength and ﬂexural stiffness of geopolymeric mortars.
The addition of 0.8% SHPF increased about two times the fracture energy and about 50% the tensile
strength. The adopted constitutive model well-captured the ﬂexural performance of the tested beams.
© 2017 Elsevier Ltd. All rights reserved.1. Introduction
Geopolymers are OPC alternative materials produced though
the reaction of an aluminosilicate powder with an alkaline acti-
vator, usually composed by hydroxide, silicate, carbonate or sulfate
leading to the formation an amorphous aluminosilicate gel and
secondary nano crystalline zeolite-like structures [1e4]. This ma-
terials have a particular ability for the reuse of several types of
wastes [5e7]. This is an important feature especially in the Euro-
pean context of a circular economy and zero waste target [8] that
may lead to an overall savings potential of V630 billion per year for
European industry and can also create more than 180 000 direct
jobs in the EU by 2030. Somewastes like ﬂy ash deserve an especial
attention because they are generated in high amount and have a
very low reuse rate. USA has a reuse rate for ﬂy ash of around 50%
meaning that 30 million tons of ﬂy ash are not reused annually [9].
Other recent works conﬁrm the importance of further studies
regarding the development of geopolymers based on ﬂy ashiversity of Minho, Guimar~aes,
-Torgal).percursors [10]. Shrinkage performance is an important property
for reinforced concrete composites just because a high shrinkage
performance is associated to cracking tendency that leads to future
durability problems. Some authors [11,12] reported that geo-
polymers can have much higher autogenous shrinkage than Port-
land cement based composites that could be explained by the fact
that geopolymers showed a much higher mesopores content (82%
versus 36%). Recent investigations conﬁrmed this pore related
explanation [13]. The use of ﬁbre reinforcement has the potential to
overcome this problem. That is why in the last years several authors
studied the mechanical performance of geopolymers reinforced
with different ﬁbres [14e17]. However, this area still has many
knowledge gaps especially concerning the use of hybrid ﬁbres.
Although, some studies have been implemented on using hybrid
ﬁbers in reinforcing cement-based composites.
Caggiano et al., in 2016, presented the results of experimental
tests regarding the plain concrete reinforced with polypropylene
(PP) and steel ﬁbers. Different combinations of hybrid ﬁbers were
used to reinforce the plain concrete, and mechanical properties
were characterized by using compressive and ﬂexural strengths
[44]. It was observed that the effects of ﬁbers on improving the
compressive strength, while the post-peak response was signiﬁ-
cantly governed by the type of ﬁbers [44].
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and recycled steel ﬁber (RSF) in the self-compacting concrete [45].
The fresh and hardened properties of specimens were studied. The
results showed that using hybrid recycled steelePP ﬁber improves
the impact resistance and mechanical properties. Moreover, as it
was expected the addition of recycled steel ﬁber resulted in
recording greater enhancement in the compressive strength, as
compared to PP ﬁber [45].
Martinelli et al. investigated mechanical properties of ﬁber
reinforced concrete containing both virgin (or industrial) and
recycled steel ﬁber (RSF) recovered from waste end-of-life tires
[46]. Different contents of industrial and recycled steel ﬁber (RSF)
used to reinforce the plain concrete. The ﬁber volume fractions for
all specimens were considered equal to 0.5%. The results revealed
that ﬁbers have a negligible impact on the compressive strength,
while higher decay in the post-cracking behavior was recorded in
the reinforced specimens by increasing the content of RSF [46].
Caggiano et al. studied the effects of using hybrid long/short
steel ﬁbers on the fracture behavior of prismatic concrete beams
[47]. The mix compositions were reinforced with employing 0.5%
and 1.0% of ﬁber volume fractions. The results indicated that adding
hybrid steel ﬁbers had no consistent trend in the response of the
ﬁber-reinforced composites in the post-cracking regime [47].
Thus, regarding the efﬁciency of hybrid ﬁbers in the literature,
this paper established to provide the results on ﬂy ash based geo-
polymeric mortars reinforced with short hybrid polymeric ﬁbres
(SHPF).
2. Experimental program
2.1. Materials
The raw materials used for the preparation of the geopolymeric
mortars were comprised of ﬂy ash, calcium hydroxide, sand, so-
dium silicate, sodium hydroxide, and ﬁbres. Solid sodium hydrox-
ide was obtained from commercially available product of ERCROS,
S.A., Spain, which used to prepare the NaOH solution. Distilled
water was used to dissolve the sodium hydroxide ﬂakes to avoid the
effect of unknown contaminates in the mixing water. The NaOH
mix was made one day prior to use in order to have a homogenous
solution at the time of mortar preparation. The chemical compo-
sition of the sodium hydroxide was composed of 25% Na2O and 75%
H2O. The sodium silicate liquid was supplied by MARCANDE,
Portugal. The chemical composition of the sodium silicate was of
13.5% Na2O, 58.7% SiO2, and 45.2% H2O. The ﬂy ash was obtained
from The PEGO Thermal Power Plant in Portugal and it was clas-
siﬁed as class F according to the ASTM-C618 [18] recommendation.
The chemical composition of the ﬂy ash used for this study is
presented in Table 1. The particle size distribution of the ﬂy ash was
varied from 2 mm to 59 mm. Fly ash was partially replaced by cal-
cium hydroxide from LUSICAL H100. The used calcium hydroxide
contains more that 99% CaO. The sand was employed as inert ﬁller
provided from the MIBAL, Minas de Barqueiros, S.A. Portugal. The
minimum and maximum size of sand particles were distributed by
0.6 mm and 4.75 mm, respectively. The detailed grain size distri-
bution of the aggregates presented in Fig. 1a. Two types of ﬁbres
(iPLAST and iSHOTS) were used to reinforce the geopolymericTable 1
Major oxides in ﬂy ash.
Material Oxides (wt%)
SiO2 Al2O3 Fe2O3 CaO MgO Na2O K2O TiO2
Fly Ash 60.81 22.68 7.64 1.01 2.24 1.45 2.7 1.46mortars, which were provided from iSTRiCE, Italy (Fig. 1b). It should
be noted that, as the initial lengths of the ﬁbers were long (about
50 mm), therefore, the ﬁbers were cut to shorter lengths with an
average length of 8 mm. Using long length ﬁbers leads to orient
ﬁbers planar, which signiﬁcantly affects the ﬂexural performance of
the ﬁber reinforced mix compositions [48]. Thus, the ﬁbers were
cut to shorter lengths in order to assess the ﬂexural performance of
the reinforced beams containing ﬁbers with three-dimensional
orientation. The detailed characteristic of the hybrid ﬁbers are lis-
ted in Table 2.2.2. Composition and production of the mortars
Four mixtures were prepared and tested under compressive and
ﬂexural loading. The composition of the mortars is shown in
Table 3. The mix proportion was composed by ﬂy ash (90% FA),
calcium hydroxide (10% CH several authors showed this percentage
give optimal strength results [20]), alkali activator with a molarity
of 12 M, an activator/binder ratio of 1.0 and sodium silicate to so-
dium hydroxide mass ratio of 2.5. Different hybrid ﬁber fractions
used to reinforce the mix compositions, 0.08%, 0.2% or 0.8%.
Experimental program was carried out based on 48 specimens in
two different groups, including 36 cubic specimens for compressive
strength and 12 prismatic beams for ﬂexural strength. Equal mass
quantities of ﬁbers (50% iPLAST-50% iSHOTS) were used to reinforce
the mortars, which the ﬁber content of total binder mass (FAþ CH).
The sodium hydroxide solution was mixed with sodium silicate
solution to dissolve the silica and alumina of the ﬂy ash particles,
resulting a homogenized gel lasting 1min; next, mixing all the solid
materials together by using standard mixture following speed I
(65 rpm) for 3 min; next, addition of solution into the mixture and
running the mixture for 1min with speed I (65 rpm) and another
1 min with speed II (90 rpm). Next, the mixture was transferred to
metallic moulds. The specimens were cured at laboratory condi-
tions with temperature about 25 C and 65% of relative humidity.
After 24 h, the specimens were demoulded and kept sealed with
the plastic wrap and then left in the same curing conditions until
the date of testing.2.3. Flexural and compressive strength testing
Three point load bending testing was carried out at 28 days with
respect to the recommendations of the European standard EN1015-
11 [21]. Three prismatic beams with dimensions of
40 40  160 mmwere cast and prepared to test. A point load was
imposed to middle of beams through using operated testing frame
with the capacity of 25 kN, as shown in Fig. 2. The purpose of this
test was to obtain ﬂexural load versus deﬂection responses for
different mixtures. Three prismatic beams were tested for each
mixture. A linear variable differential transformer (LVDT) used to
measure mid-span deﬂections of beams. The test was carried out
with a displacement rate of 0.6 mm/min. For eachmix composition,
the ﬂexural strength values represent the average of three repli-
cated prismatic beams. To determine the compressive strength of
the mix compositions, a total number of 9 cubic specimens were
considered for each mixture, which three cubic specimens were
tested at ages of 7, 14, and 28 days. The test was performed with
respect to the recommendations given by EN1015-11. The cubic
specimens had a dimension 50  50  50 mm. After casting the
specimens, they were sealed with a plastic wrap and then cured at
laboratory environment with relative humidity 80% and average
temperature of 25 C until testing ages. A digital standard auto-
matic testing machine with capacity of 50 kN was used to apply
compressive load with a loading rate of 0.25 MPa/s.
Fig. 1. Particle size characteristics of base materials: (a) the distribution of particle size of the sand with the standard granulometry curve presented in the inset; (b) Optical image of
typical ﬁber particles: iPLAST (in grey color) and iSHOTS (in orange color). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)
Table 2
Properties of SHPF [19].
Fibre name Composition Geometric shape Colour Initial length (mm) Diameter (mm) Speciﬁc weight (kg/dm3) Ultimate strength (MPa) Elastic module (GPa)
iPLAST Polymer Monoﬁlament/macro Grey 29 0.55 1.0 520 4.1
iSHOTS Polymer Monoﬁlament/macro Orange 49 0.79 1.0 520 4.1
Table 3
Compositions of mortars.
Sample name Materials (kg/m3)a
FA CH SA SS SH HF
90FA_10CH_12M_2.5S/H_1.0A/B_0.0HF 415.8 46.2 1385.9 329.5 132.4 0
90FA_10CH_12M_2.5S/H_1.0A/B_0.08HF 415.5 46.1 1385.1 329.3 132.3 0.6
90FA_10CH_12M_2.5S/H_1.0A/B_0.2HF 415.1 46.1 1383.9 329.1 132.2 1.4
90FA_10CH_12M_2.5S/H_1.0A/B_0.8HF 413.4 45.9 1378.1 327.7 131.7 5.7
a FA: stands for the ﬂy ash; CH: calcium hydroxide; SA: sand; SS: sodium silicate; SH: sodium hydroxide; and HF: hybrid ﬁbers.
Fig. 2. Adopted test setup for the execution of the ﬂexural strength.
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Fig. 4. Flexural load vs. midspan deﬂection response of tested beams according to ﬁbre
content.
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3.1. Compressive strength
The results of the compressive strength according to curing age
are shown in Fig. 3. The compressive strength of the several geo-
polymeric mixtures at 7 days reached to 75% compressive strength
of mix compositions at 28 days. The addition of SHPF seems not
inﬂuence the 28 days compressive strength. However, a slight
compressive reduction is noticed for 7 and 14 curing days. This
means that a possible increase in porosity du to ﬁbre addition is
overcome at later curing ages when the binder has hardened
enough so the crack arrest effect of ﬁbres become evident. This
compressive strength reduction was also noticed by other authors
working with ﬁbre reinforced geopolymers [16,22]. Other authors
[23] reported a decrease in the compressive strength in the mix
compositions containing a ﬁbre content above 0.5%. The results also
show that adding 0.8% hybrid ﬁber has the highest impact on the
crack arresting capacity of ﬁbers at early and ﬁnal ages. Concerning
the results, it was found that addition of hybrid ﬁbres causes de-
creases on the compressive strength of the mix compositions up to
5.7% in the reinforced specimens with 0.2% hybrid ﬁbers.3.2. Flexural strength
The result of ﬂexural load versus mid span deﬂection response
was depicted in Fig. 4. By increasing ﬁber content, the maximum
ﬂexural load and the ultimate deﬂection corresponding to the
maximum ﬂexural load of specimens increased. Using hybrid ﬁbers
provides the synergetic beneﬁts of ﬁbers of different properties in
terms of assuring effective crack control at different stage of the
crack propagation [23,24]. Similar beneﬁts were also reported by
authors through using cement-based composites in Refs. [25,26].
Fibers bridging micro-cracks contribute to the formation of diffuse
crack patterns, since they offer resistance to the coalescence of the
earlier micro-cracks into macro-cracks. Short discrete ﬁbers are
more effective than long discrete ﬁbers in stopping microcracks
from growing into the localized crack. Thus, adding short discrete
ﬁbers results in increasing the ﬂexural strength due to ﬁber
bridging action. The roughness of ﬁber surface improves the bond
at interface of ﬁber/matrix, which affect the ﬁber bridging action.
Regarding the results, reinforced specimens behaved brittle under
imposed the ﬂexural load. By increasing hybrid ﬁber content above
0.8%, it is possible to record deﬂection-hardening behavior. It is
worth stating that adding ﬁbers had no signiﬁcant effect on the
ﬂexural stiffness of the beams. Equation (1) was used to compute
the ﬂexural strength (sf) of specimens under three point bending
(TPB) test:Fig. 3. Compressive strength at 7, 14 and 28 days.sf ¼
3FL
2bh2
(1)
where, F is the maximum ﬂexural load, L is span length, b and h are
width (equal to 40 mm) and height (equal to 40 mm) of beams,
respectively.
The effects of adding different ﬁber fractions on the ﬂexural
strength and ultimate deﬂectionwere illustrated in Fig. 5a and b. By
increasing ﬁber content, bridging action of ﬁbres offers more
resistance to crack opening in the specimens with transferring
stress from hybrid ﬁbres to the matrix regard to interfacial shear
strength. Thus, increasing ﬁber fractions increased both ﬂexural
strength and ultimate deﬂection. With respect to the results, the
maximum increase of the ﬂexural strength (about 40%) and ulti-
mate deﬂection (about 30%) were recorded in the reinforced beam
with 0.8% hybrid ﬁbers. Moreover, the ﬂexural strength and ulti-
mate deﬂection were correlated to the ﬁber fraction linearly
through using linear regression. With respect to the developed
equations in Fig. 5c, the ﬂexural strength and ultimate deﬂection
could be correlated to the ﬁber fraction with high coefﬁcient of
determination (R2 > 0.92). Furthermore, it was revealed that
addition of ﬁbers had greater impact on increasing the ﬂexural
strength than ultimate deﬂection.3.3. Flexural toughness
The ﬂexural toughness of the beams was assessed by measuring
the area under ﬂexural load e deﬂection response up to L/150
[27,53]. Fig. 6 indicates the absorbed energy of different mix com-
positions. As shown, increasing ﬁber content increased the ﬂexural
toughness, when compared to the plain geopolymer concrete.
Regarding the results, increasing the ﬁber content above 0.2% has
great impact on the absorbed energy so that the maximum absor-
bed energy was recorded about 140 N mm, which was about 60%
more than the absorbed energy in the beams made with the plain
geopolymer concrete. Various studies have been reported the efﬁ-
ciency of ﬁbers on increasing the absorbed energy of the reinforced
mixtures due to bridging action of ﬁbers [28,29]. After character-
izing mechanical properties of ﬁber reinforced geopolymeric mor-
tars in the ﬁrst stage of this paper, it was required to assess the
efﬁciency of hybrid ﬁbers on the ﬂexural performance of the rein-
forced beams with longer length. Therefore, in the second stage of
this paper, the ﬂexural performance of beams was evaluated by
using numerical simulations. Regarding this aim, the Finite Element
(FE) models were developed through using an inverse analysis.
Fig. 5. a) Efﬁciency of hybrid ﬁbers on the ﬂexural strength; b) Efﬁciency of hybrid ﬁbers on the ultimate deﬂection corresponding to the maximum ﬂexural load; c) Correlation
between the ﬂexural strength and deﬂection with ﬁber fraction. Where, Vf is ﬁber fraction, Du is ultimate deﬂection and Fr is the ﬂexural strength.
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Fig. 6. Flexural toughness according to SHPF content.
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The FEMIX software, a Finite Element Method (FEM) based
software program that is able to simulate nonlinear behavior of
several types of materials, was employed at this stage of the study.
The software was developed at Minho University. The multi-
directional ﬁxed smeared crack constitutive model was used to
simulate the crack initiation and propagation in the ﬁber reinforced
geopolymer concrete in the FEMIX software version 4.0. Thesimulation process is brieﬂy described below. In order to analyze
the beams with Finite Element (FE) models, they were considered
as plane stress problems. The explanation of the formulation of the
multi-directional ﬁxed smeared crack constitutive model is related
to the case of cracked concrete, at the domain of an integration
point (IP). It is worth stating that continuum models like micro-
plane constitutive law can be used to simulate the crack propaga-
tion in concrete. Regarding the numerical simulations in
Refs. [49,50], it was demonstrated that the microplane model has
high capacity in simulating behavior of concrete under dominant
tension, compression and complex non-proportional loading his-
tories. This model has been successfully used in the simulation of
concrete columns conﬁned with FRP materials [51,52]. In the pre-
sent paper, smeared crack constitutive models were used, because
conceptually this model is more appropriate than discrete crack
models in the simulation of crack propagation in ﬁber reinforced
cement concrete, mainly, in those with a high number of redundant
supports.
According to the adopted constitutive law for plane stress ﬁnite
element, stress and strain are related to each other by:
Ds ¼ DCrconDε (2)
where Ds ¼ fDs1;Ds2;Dt12gT and Dε ¼ fDε1;Dε2;Dg12gT are the
components of stress and strain vectors, respectively. By decom-
posing the total strain in (2) into elastic and cracked concrete parts,
i.e. Dε ¼ Dεela þ Dεcra, DConcra will be determined using [30]:
Fig. 7. Trilinear stress-strain diagram in simulation of the fracture mode I crack
propagation ðscrn;1 ¼ fct ; scrn;2 ¼ a1scrn;1; scrn;3 ¼ a2scrn;1; εcrn;2 ¼ x1 εcrn;u; εcrn;3 ¼ x2 εcrn;uÞ.
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
Dcr þ TCrDCo
h
TCr
iT1
TcrDCo (3)
where DCon is the constitutive matrix of concrete assumed to have a
linear behavior:
DCo ¼ Ec
1 n2C
2
6664
1 nc 0
yc 1 0
0 0
1 yc
2
3
7775 (4)
which Ec and nC are elasticity modulus and Poisson's ratio of con-
crete, respectively. TCr in (3) is the transform matrix of stress
components from the coordinate system of element to local crack
coordinate system. If n is the number of cracks, TCr will be deﬁned
as:
TCr ¼
h
TCr1 …T
Cr
i …T
Cr
n
iT
(5)
where, the crack orientation matrix is given by:
TCri ¼

cos2 q sin2 q 2 sin q cos q
sin q cos q sin q cos q cos2 q sin2 q

(6)
and q is deﬁned as the angle between the x1 axis and the vector
orthogonal to the plane of the ith crack. Furthermore, DCo in (3) is
deﬁned as a matrix that includes the constitutive law of the n
cracks:
DCr1 … 0 … 0
… … … … …
0 … DiCr … …
… … … … …
0 … 0 … DnCr
(7)
In the above equation, DiCr is the crack constitutive matrix of the
ith crack, which is deﬁned as:
DCr ¼
"
DCrI;i 0
0 DCrII;i
#
(8)
DcrI;i ¼ ki
lcrf 2ct
Gf
k1 ¼
ð1 a1Þðx1 þ a1x2  a2x1 þ a2Þ
2x1
k2 ¼
ða1  a2Þðx1 þ a1x2  a2x1 þ a2Þ
2ðx2  x1Þ
k3 ¼
a2ðx1 þ a1x2  a2x1 þ a2Þ
2ð1 x1Þ
where, DI,iCr and DII,iCr are the moduli corresponding to the fracture
mode I (normal) and fracture mode II (shear) of the ith crack,
respectively. In this numerical approach, a new crack forms in an
integration point (IP) when the angle between the new crack and
the already existing cracks exceeds a certain threshold angle (This
angle is selected between 30 and 60 according to [30]). The crack
opening propagation was simulated using the trilinear diagram,
which is indicated in Fig. 7. Normalized stresses (a1 and a2) and
strains (x1 and x2) were deﬁned and used for transposition pointsbetween the linear segments of the diagram. The ultimate crack
strain (εCrn ) is a function of the fracture energy, tensile strength (s
cr
t ),
crack bandwidth (lCr) and normalized strains and stresses. Thus, the
ultimate crack strain is given by Ref. [31]:
ε
Cr
n ¼
2
x1 þ a1x2  a2x1 þ a2
 
Gf
lcrsCrt
!
(9)
and the fracture mode II modulus, DIICr, is deﬁned by Ref. [34]:
DCrII ¼
k
1 kGC (10)
where, Gc is the elastic concrete shear modulus and k is the shear
retention factor. The parameter k is considered as a function of the
current crack normal strain (εCr) and ultimate crack normal strain
(εnCr) [34]:
k ¼

1 ε
Cr
ε
Cr
n
P1
(11)
If P1¼1, kwill decrease linearly as εnCr increases. Higher values of
the exponent results in more decrease in k [31]. Regarding fracture
mode II, the total and the incremental approaches, depicted in
Fig. 8, and more details explained in Ref. [31], are available in
FEMIX, but in the numerical simulations implemented the total
approach was adopted due to its better performance. The beams
were modelled by a mesh of 8 node serendipity plane stress ﬁnite
elements. The GausseLegendre integration scheme with 2  2
integration points was used for all elements. The values adopted for
simulating the behavior of the ﬁber reinforced geopolymeric
mortar beams are listed in Table 4.
The adopted multi-directional ﬁxed smeared crack constitutive
model in this study can be used in the analysis of either plain
concrete or reinforced concrete (RC) structures. In the plain con-
crete structures, tensile stresses are transmitted across the cracks
during the initiation of cracks for small crack widths, which this is
designated as tension softening. The relevance of mesh de-
pendency in the FEM analyses for the plain concrete is well-known
and widely discussed in the literature [37e41]. Regarding the re-
sults, it was observed that the effects of the FEM size could be
reduced if the tensile stress-strain laws for the plain concrete deﬁne
as a function of both fracture energy (Gf) and the crack bandwidth
(lb). It is worth stating that using this approach can be achieved
very satisfactory results when the size of meshes is relatively small.
Although, using large size of FEM meshes results in recording
Fig. 8. Relation between crack shear stress and crack shear strain for the incremental
and total approaches.
Table 4
Properties adopted to simulate the nonlinear behavior of the ﬁber reinforced geopolyme
Poisson's ratio [32]
Initial Young's modulus [33]
Maximum number of cracks per integration point [20]
Parameter deﬁning the mode I fracture energy available to the new crack [30]
Parameter deﬁning the shear retention evolution (p1) [31]
Crack band-width, lcr [30]
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Fig. 9. Experimental and numerical sim
M. Kheradmand et al. / Composites Part B 126 (2017) 108e118114signiﬁcant differences between the experimental data and nu-
merical results.
Since mechanical response for each crack is functioned by the
tension stiffening effects, different approaches should be employed
tominimize the effects of mesh dependency in the RC elements due
to crack localization [42].
Recently, some continuous FEM models such as random lattice
model were proposed to avoid mesh dependence in ﬁber-
reinforced polymers (FRPs). This discrete model was successfully
used in Ref. [43] to correctly capture the crack paths and main-
taining a substantial independence on the mesh in FRPs.
In this study to minimize the effects of mesh dependence, the
tensile stress-strain laws for plain concrete was considered as a
function of both the fracture energy and the crack bandwidth, as
depicted in Fig. 7. Moreover, a sensitivity analysis was conducted to
obtain a mesh reﬁnement, which does not affect the accuracy of the
simulations. This analysis was executed by reﬁning the mesh under
linear elastic behavior only to achieve stabilization in the results.
Regarding this analysis, sixty-four elements were used to simulate
the ﬁber-reinforced geopolymeric beams. The size of the concrete
elements depends on the geometry of beams, therefore, regarding
the prismatic shape of beams the size of the concrete elements wasr beams.
vc ¼ 0.15
Ec ¼ 18 420 MPa
2
2
2
Square root of the area of the Gauss-Legendre integration point (√Ai)
b) HF0.08 
d) HF0.8 
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ulations of the reinforced beams.
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The boundary conditions used in the numerical simulations are
illustrated in Fig. 10a. The displacement in the Z-axis was restricted
at both end sides of beams, while the displacement in direction of
Y-axis was restricted at the left side, as depicted in Fig.10a. The total
applied deﬂection was divided into a series of deﬂection in-
crements. Newtonmethod iterations provided convergence, within
tolerance limits, at the end of each deﬂection increment. The sta-
bility failure was selected as a failure criterion. Stability failure was
observed whenever an extremely large, sudden displacement
occurred.
Since no available experimental results exist to characterize the
parameters of fracture mode I, to obtain the fracture energy (the
area under tensile stress-strain response), tensile strength, ratios
a1, a2, x1, x2, that deﬁne the tri-linear stress-strain softening diagram
(see Fig. 7), an inverse analysis using the force-deﬂection re-
lationships was performed through using ﬁtting the experimentalFig. 10. a) Adopted test setup for beam with 800 mm length; b) Obtai
Table 5
Results obtained from execution of inverse analysis.
Specimen designation a1 a2 x1
0HF 0.20 0.40 0.21
0.08HF 0.20 0.40 0.21
0.2HF 0.20 0.40 0.21
0.8HF 0.20 0.40 0.21results as best as possible. The inverse analysis assessed these pa-
rameters values, leading to the minimization of the ratio between
the area limited by the experimental and the numerical curves (in
absolute values) and the area underneath the experimental curve.
The numerical results obtained, where the specimen, the loading
and the support conditions were simulated in agreement with the
experimental test setup. On the other hand, the values reported in
Table 5 were based on minimizing the differences between the
numerical and experimental results (the force-deﬂection relation-
ship). Fig. 9 depicts the results obtained from numerical simulation
of the tested beams. The numerical results were well-ﬁtted to the
experimental results, indicating an acceptable agreement between
experimental and numerical results. The parameters of fracture
mode I including the crack strength, fracture energy, normalized
stresses, and strains were calculated according to the inverse
analysis and listed in Table 5. Pereira et al. [35] indicated that
fracture mode I propagation of ﬁber reinforced concrete can bened results for numerical models simulated with 800 mm length.
x2 Fracture energy (N/mm) Tensile strength (MPa)
0.50 0.030 1.21
0.50 0.040 1.33
0.50 0.045 1.43
0.50 0.060 1.72
Table 6
Comparison of the numerical and experimental results.
0HF 0.08HF 0.2HF 0.8HF
FExp
FNum
1.02 0.98 1.02 0.98
ðDuÞExp
ðDuÞNum
0.98 0.97 0.96 0.95
ðEIÞExp
ðEIÞNum
1.04 1.01 1.06 1.02
where, F is the maximum ﬂexural load, Du is deﬂection corresponding to the
maximum ﬂexural load and EI is the stiffness of beams. The ﬂexural stiffness is
recorded as the slope of force-deﬂection response in the linear phase.
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parameters of mode I fracture energy, including the ultimate crack
strain, the fracture energy, the tensile strength, and the crack band
width can be obtained through execution of an inverse analysis by
calibrating the numerical results in terms of force-deﬂection
response registered in the experimental tests [35]. Concerning
the numerical results, increasing the ﬁber fraction increased
consistently the tensile performance of beams so that addition of
0.8% increased about two times fracture energy and about 50%
tensile strength, when compared to the beam made with plain
geopolymer. Table 6 presents a comparison between experimental
and numerical results to investigate the accuracy of the developed
numerical models. Regarding the results obtained, the maximum
error between numerical and experimental results in terms of the
maximum force, deﬂection corresponding to the maximum force,
and ﬂexural stiffness were 2%, 5%, 4%, respectively. Providing a
shear span to depth ratio equal or greater than 2.5 leads to attaina) 
c) 
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Fig. 11. Effects of ﬁbers on: a) ultimate midspan deﬂectiﬂexural failure in the beams [36], therefore, the length of beams
increased from 160 mm to 800 mm. In the second stage of nu-
merical analysis, the developed numerical models for beams with
length of 160 mm were used to simulate the beams with length of
800 mm. This section aimed to investigate the effects of hybrid
short ﬁbers on the ﬂexural performance of beams considering a
shear span to depth ratio greater than 2.5. The adopted test setup
for beams with length of 800 mm is indicated in Fig. 10a. Three
hundred and twenty elements were used to simulate beams with
length of 800 mm. Similar to simulated beams with length of
180 mm, boundary conditions and failure criteria were considered
to model beams with length of 800 mm. The point load was
imposed to the middle of beams. The results obtained from the
modeled beams with length of 800 mm are depicted in Fig. 10b.
Regarding the results, increasing length reduced the maximum
ﬂexural load and increased the ultimate deﬂection corresponding
the maximum load, when compared to beams with shorter span.
Consistently, increasing the ﬁber content enhanced the ﬂexural
performance of beams due to the ﬁber bridging action so that the
ultimate deﬂection for the ﬁber reinforced geopolymer mortars
with 0.8%HF increased about 2 times with respect to the beam
made with the reference geopolymers. Furthermore, the maximum
ﬂexural load was increased about 50% for the beam reinforced with
0.8%HF in compare to beam made with the reference geopolymers.
For the beams with length of 800 mm, the maximum ﬂexural
strengthwas obtained about 2MPa in the reinforced specimenwith
0.8%HF, which is 50% higher than the ﬂexural strength of beam
made with the reference geopolymeric mixtures, as indicated in
Fig. 11.b) 
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This work aimed to investigate the effects of using SHPF on the
hardened properties of ﬂy ash based geopolymeric mortars. The
nﬂuence of different ﬁber content on the hardened state properties
of geopolymeric mortars were assessed in terms of ﬂexural and
compressive strengths. Afterwards, the ﬂexural performance of ﬁ-
ber reinforced ﬂy ash based geopolymeric mortars was assessed by
using numerical simulations. Based on the collected experimental
and numerical results the following remarks could be highlighted:
1. SHPF improved the ﬂexural performance, while reducing the
compressive strength and ﬂexural stiffness of geopolymeric
mortars.
2. Generally, the compressive strength at early ages reached to
0.75% the compressive strength of mixtures at 28 days.
3. The adopted multi-directional ﬁx smeared crack constitutive
model well-captured the ﬂexural performance of the tested ﬂy
ash geopolymeric mortar beams.
4. Addition of 0.8% hybrid ﬁbers increased about two times frac-
ture energy and about 50% tensile strength, when compared to
the beam made with the plain geopolymeric mortars.
5. For the reinforced beams with short length, due to adding
hybrid ﬁbers, higher efﬁciency was recorded for the ﬂexural
load than ultimate deﬂection. While, increasing the length of
the reinforced beams with hybrid ﬁbers resulted in observing
higher efﬁciency for the ultimate deﬂection than the ﬂexural
load.
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